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Abstract-we show that the system S = 1, B = 2n + 2sy + y2 has the algebraic solution h(z, v) = 
Zf,,(z)y + 2nH,,-i(r), where‘H,,(r) is the Hermite polynomial of degree n, and the system is not 
Darboux integrable and has no Darboux integrating factor for any n E N. @ 2003 Elsevier Science 
Ltd. All rights reserved. 
1. INTRODUCTION AND STATEMENT OF THE RESULT 
We consider systems of differential equations in the plane 
3 = +, Y), D = Q(T Y), (1) 
where P(z, y) and Q(z, y) are coprime polynomials with real coefficients. Let d be the maximum 
degree of P(z, y) and Q(z, y). Then we say that system (1) is of degree d. 
It is known that there are strong relationships between the integrability of a polynomial dif- 
ferential system like (1) and its number of invariant algebraic curves (in this work, we consider 
an invariant algebraic curve to be the same as an algebraic solution). Darboux showed in [l] 
that the existence of a certain number of algebraic solutions for a system of fixed degree implies 
the Darboux integrability of the system, that is the first integral is the product of the algebraic 
solutions with complex exponents. Jouanolou showed in [2] that the existence of a certain number 
of algebraic solutions (higher than before) for a system of a fixed degree implies the algebraic in- 
tegrability of the system. A natural intuition suggests that the existence of an algebraic solution 
with degree high enough for a fixed system could imply the algebraic integrability of the system, 
that is, the existence of a rational first integral. In this regard, the work of Carnicer [3] shows 
that, under certain conditions on the singular points (nondicritic), for a system of degree d, all 
the algebraic solutions, in case they exist, must have degree 5 d + 2. A dicritical point for a 
system (1) is a singular point with infinitely many invariant curves passing through it. These 
results suggested Lins-Neto to give the following conjecture. 
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CONJECTURE. A planar polynomial differential system of fixed degree with an invariant algebraic 
curve of sufficiently high degree must be algebraically integrable. 
Moulin-Ollagnier [4] and, afterwards, Christopher and Llibre [5] found counterexamples to this 
conjecture for quadratic systems. Our main goal is to show the following new counterexample 
and also its relation to Darboux integrability. 
COUNTEREXAMPLE. 
(1) Consider the family of systems 
k = 1, 9 = 2n + 2xy + y2, (2) 
depending on the parameter n. For n E N, system (2) has a unique irreducible invariant 
algebraic curve. This curve, of degree n + 1 and cofactor 2x + y, is 
h(x, y) = %(x)Y + 2n&-l(x), 
where H,,(x) is the Hermite polynomial of degree n. 
(2) System (2) has neither a Darboux first integral, nor a Darboux integrating factor, for any 
n E N. In particular, system (2) is not algebraically integrable for any n E N. 
(3) System (2) has no generalized Darboux first integral. But it does have a generalized 
Darboux integrating factor of the form 
See [S] for further information about orthogonal polynomials. The proof of these statements is 
given in Section 2. 
DEFINITION 1. Let U be an open subset of W2 and C a set of orbits contained in U such that 
U \ C is open. We say that a Ck, k 1 0, function H : U \ C --t JR is a first integral (weak) defined 
in U if H is constant on each solution of the system contained in U \ C, and H is not locally 
constant. If k > 0, this definition implies that fi = g P + g Q, is zero. 
DEFINITION 2. Let U be an open subset of W2. We say that a Ck, k 2 1, function ~1: U -B W is 
an integrating factor if fi = - div(P, Q)p. 
REMARK 3. Given a first integral of a system H(x, y) defined in an open set 2.4, we have that 
is an integrating factor defined on U. 
DEFINITIOY 4. An invariant algebraic ctirue or algebraic sol&on is an algebraic curve f (x, y) = 0 
such that f = kf where k(x, y) is a polynomial called the cofactor off (x, y). 
DEFINITION 5. An integrating factor p(x, y) = fi(x, Y)~’ . 1 + fp(x, Y)~‘, where fi is an irreducible 
polynomial, fi # fj if i # j and Xi E cc, i = 1,2,. . , r, T E N, is called a Darbow integrating 
factor. In case Xi E Z for all i = 1,2,. . , r, we say that ~(2, y) is a rational integrating factor. 
LEMMA 6. Let ~(x, y) be an integrating factor for system (I) of the form 
P(X,Y) = fl(X, YPfi(X,Y) x2 . . . f?-(X) YP, 
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where fi is an irreducible polynomial, j’i # fj if i # j and Xi E @, i = 1,2,. . . , r, r E lV. Then fi 
is an invariant algebraic curve for system (l), for i = 1,2,. . . , r. 
PROOF. Prom the definition of integrating factor we have fi = - div(P, &)p. Then, 
k&jif)i-’ h fj”” = -&(P,Q)fIfF, 
i=l j=l, j#i i=l 
and simplifying by n$, ft5;-l we get & Xifi njr=i,j+i fj = - div(P, Q) nI=i fi. 
Prom this relationship, we deduce that each fi must divide fi, that is fi is an invariant algebraic 
curve for system (l), for all i = 1,2, . . . , r. I 
DEFINITION 7. A Darboux integral is a function H = fix1 fixa . . . f,?r, where fi(xc, y) is an invariant 
algebraic curve of’degree ni with cofactor ki(x, y) and Xi E @, for i = 1,2,. . . ,T, not all null, 
r E M, verifying CL, Xiki(x, y) E 0. In this case, it is easy to see that fi = 0. Particularly, if 
Xi~Z,Qi=1,2,... , r, we say that H is a rational first integral. 
DEFINITION 8. Let h,g be two polynomials, gcd(h,g) = 1. The function eh/s is called an 
exponential factor if for some polynomial K of degree at most d - 1, where d is the degree of the 
a system, the foJJowing relation is satisfied: P& ehls + Q 5 e hls = Keh/s. As before, we say that 
K(x, y) is the cofactor of the exponential factor ehfg. 
We note that an exponential factor e h/g does not define an invariant curve, but the next 
proposition, easily proved, gives the relationship between both notions. 
PROPOSITION 9. If F = ehfg is an exponential factor and g is not a constant, then g = 0 is an 
invarkut algebraic curve, and h satisfies the equation h = hKg + gKF, where Kg and KF are 
the cofactors of g and F, respectively. 
DEFINITION 10. A generalized Darboux integral is a first integral of the form 
H = f;l fix2 . . . f,“? (ehl/gyl)“’ (ehn/&‘2)v2 . . . (ehs/g?)“’ , 
where fi(x, y) is an invariant aJgebraic curve and Xi E @, for i = 1,2,. . . , r, r E N and ehjlgT is 
an exponentiaJ factor, and Uj E Cc, for j = 1,2,. . . , s, s E N. 
We notice that system (2) verifies 
& - = 2n + 2xy + y2, 
dx 
which is a Ricatti equation. If a particular solution, y = P(x), is known, then the change of 
variable y = l/r + p(x) brings equation (3) to a linear form. Therefore, equation (3) can be 
integrated, that is, there is an algorithmic method to find a first integral of the form H(x, y) 
where H(x, y) is a CM(U) function in some open set U of W 2. The first integral for (3) found 
using this method is 
ex2 
J 
2 
H(x’y) = H,(x)h(x, y) + .; (H:;s))~ ds’ 
where h(x,y) = Hn(x)y + 2nH,,-i(x) and H,(x) is the Hermite polynomial of degree n. 
2. PROOF OF THE COUNTEREXAMPLE 
We first prove that the system 
k = 1, Q=2n+2xy+y2, (4 
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with n E M, has h(x,y) = H,(x)y + 2nH,-r(x), where Hn(x) is the Hermite polynomial of 
degree n, as irreducible invariant algebraic curve, with cofactor 2x + y. 
We need to recall some properties of the Hermite polynomials which are stated in, for exam- 
ple, PI. 
HA(x) = 2n&-r(x), 
Hi(x) = 2xHk(x) - 2nH,(x), (5) 
H,(x) = 2x&+1(x) - 2(n - l)H&?(x), 
for n E N, n 2 1. Here, ’ means the derivative of the polynomial with.respect to x. 
To show that h(x, y) = H,(x)y + 2nH,-r(x) is an invariant algebraic curve of system (4), we 
have 
= I$(x)y + 2nH;-r(x) + H,(x) (2n + 2xy + y2) 
= 2nH,-r(x)y+ 2n(2(n - l)&-2(2))+&(2)(2n+ 2q!+y2) (6) 
= 2n(H,-r(x)y + 2(” - l)&-z(x) + l%(x)) + (2x + y)Hn(x)y 
= 2n(Hn-1(x)y +2x&-l(X)) + (2x + y)Hn(x)y 
= (22 + Y)(K(X)Y + 27mP-l(~)) = (22 + YMGY). 
We consider system (4) and we make the following change of variable, which is a bimtional trans- 
formation (see [7] for more details about birational transformations): x = X, y = -2n/(2X+Y). 
The inverse transformation is X = x, Y = (-2n - 2xy)/y. The system becomes 
x = 1, P = 2(n - 1) + 2XY + Y2, (7) 
which is system (4) with the parameter reduced by one unit. These transformations keep the 
algebraic structure of the system, that is, if system (4) has an invariant algebraic curve, then 
system (7) also has one, and, vice versa. Moreover, since this is a one-to-one transformation, 
we have that different algebraic solutions are transformed into different algebraic solutions. The 
algebraic solution h(x, y) = H,,(x)y + 2nH,-r(x) becomes (2n/(2X + Y))(&-i(X)Y + 2(n - 1) 
&-s(X)) by the change of variable (using (5)). We see that 2x + y is not an algebraic solution 
for system (4) for any n E N. 
By composing n of such transformations (which is itself a birational transformation), we bring 
system (4) to the form 
f = 1, ?j = 2xy + y2 (8) 
with the same algebraic structure. We will show that y = 0 is the only irreducible invariant 
algebraic curve for system (8). Assume that H(x, y) = Czc ai(x)yi, with N E N and ai a 
real polynomial for i = 0, . . . , N, is an irreducible invariant algebraic curve for system (8) different 
from y = 0. The.cofactor is a polynomial with degree 5 1, say ax + by + c. Hence, 
R(x, y) = “Hk’ ‘) i + ‘*g’ ‘) G - (ax + by + c)H(x, y) 
must be identically zero. 
The coefficient of R(x, y) of degree 0 in y is -cus(x) - axac(x) + ah(x) = 0, which means 
a&) = /Qe(“+““%), with ks constant. Notice that Q(X) cannot be zero because H(x, y) is 
irreducible and different from y = 0. Therefore, since as(x) is a polynomial in x, we deduce that 
a = c = 0 and uc(x) is constant which we may assume equals 1. The coefficient of R(x, y) of 
degree 1 in y is -b + 2xai(x) + a:(x) = 0, which means al(x) = Icr + bJa: es2 ds/eza, with kr 
constant. In order for Q(X) to be a polynomial, we must have b = 0 and al(x) E 0. For j 2 2 
we have that the coefficient of R(x, y) of degree j is (j - l)aj-i(x) + 2jxaj(x) + a;(x) = 0. For 
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induction hypothesis we may assume aj-i(z) E 0 and then aj(z) = Icj/e@ . As uj(z) must be a 
polynomial, we deduce that oj E 0, for j > 2. Hence, if H(z, y) is an irreducible invariant curve 
for system (8) different from y = 0, then H(z, y) := 1, which is not an algebraic curve. It follows 
that the only irreducible algebraic solution for system (8) is y = 0. 
Finally, we show that system (8) has no generalized Darboux first integral. Suppose that H is 
a gener’alized Darboux first integral for system (8). Since the unique invariant algebraic curve is 
y = 0, the only possible form would be H(s, y) = e f(Z>Y)lg”y@, where f(z, y) is a polynomial not 
divisible by y. 
We can consider the first integral log(H) and its associated integrating factor ~(z, y) = 
pros(H) (z, y) as given in Remark 3. We have 
-P a+1 
PhY) = qp = 
Y Q 
d -PY”-Yg’ 
P(Xc,Y) = 7 = 
(22 + Y)Ya+‘. 
% 
(10) 
From Lemma 6, we conclude that all the factors of ~(z, y) are algebraic solutions for system (8). 
Since 2x + y is not an algebraic solution, we have $$ = ~~(22 + y), with k E N. Integrating, 
we get f(x, y) = x2y” + xy”+’ + g(y) where g(y) is a polynomial in y. From (lo), we have 
of - py” - yg = yk, and by substituting for f(z, y), we have -yk - by” + ag(y) - yg’(y) + 
(a - k)x2yk + (a - Ic - 1)zy k+1 = 0. From this, we deduce a = k and a = k + 1, which is a 
contradiction. Therefore, there cannot exist a generalized Darboux first integral. 
The fact that ~(2, y) = eza/h(x, Y)~ is a generalized Darboux integrating factor for system (4) 
is an easy calculation 
fi= 
&* h2 _ e”2 j3 
h4 
= $ (2x - 2(2a: + y)) = (-2x - 2y)p = - div(P, Q)p. 
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